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ABSTRACT 
This paper deals with the problem of the determination of the nullity of a finite 
dimensional Lie algebra L over a field of characteristic 0. If L is solvable, we get this 
nullity. In general, we obtain a natural number m such that m Q nul(L) < m + 2. 
1. INTRODUCTION 
A subset X of a Lie algebra L is said to generate L if L is the smallest 
linear subspace closed under the Lie product and containing X. The nullity 
of L is defined to be the minimum number of elements which generate L; 
we shall denote it by nul(L). 
Throughout this paper we shall study the problem of the determination 
of the nullity of any finite dimensional Lie algebra over a field of char- 
acteristic 0. 
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cteristic 0. 
The first result about this subject is due to Kuranishi [7], who proved that 
the nullity of a finite dimensional semisimple Lie algebra over a field of 
characteristic 0 is 2. Since then, several authors have written on this problem 
[l-3, 8, 91. The most recent results, to our knowledge, were obtained by Sat8 
[lo]. We shall see in the next example that our results improve the ones 
in [lo]. 
EXAMPLE 1.1. Let us consider the Lie algebra L = V@S over an alge- 
braically closed field of characteristic 0, where V is an abelian ideal of L, S is 
a simple algebra of type G,, and V, as a module for S, is a direct sum of s 
isomorphic copies of the irreducible module with highest weight 3A, + A, 
(notation as in [4]). For this algebra, the results by Sat6 give 
s-l 
nul( L) < I I - +3, 73 
while we will get 
s 
I 1 - <nul(L)< & +2. 448 I 1 
Here ]X ] denotes, as 
smallest integer > r. 
becomes apparent. 
usual, the greatest integer < X, and [r] denotes the 
With a big s the difference between the two results 
We begin by noticing that if F’ is a field extension of the infinite field F, 
and the Lie algebra L is defined over F, then nul(L,,) = nul(L), where 
L,. = L% F’ (see [lo, Theorem 11). Moreover, if F(L) denotes the Frattini 
subalgebra of L, that is, the intersection of all the maximal subalgebras of L, 
then we have: 
LEMMA 1.1. Let L be a finite dimensional Lie algebra over a field of 
characteristic 0, and let F(L) be its Frattini subalgebra (which is an ideal of 
L). Then nul( L) = nul( L /F(L)). 
Proof. Let {x, + F(L),. .,x, + F(L)} be a generating set of L/F(L) 
with minimum n, and let S be the subalgebra of L generated by (x1.. . . , ~~1. 
Then L=S + F(L), so L= S by [ll, Lemma 2.11. Hence nul(L/F))> 
nul( L). The reverse inequality is clear. n 
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Hence, without loss of generality, we shall restrict ourselves to the study 
of finite dimensional Lie algebras over algebraically closed fields of charac- 
teristic 0 with trivial Frattini subalgebra. In these conditions, and because of 
[ll, Theorem 7.51, the Lie algebra L decomposes as 
L=V@(C@S), 
where V is an abelian ideal of L, S is a semisimple subalgebra, and C is an 
abelian subalgebra such that [S, C] = 0 and ad(c) acts semisimply on V for all 
c E c. 
The ideal V is then a module for the Lie algebra S, and as such it is a 
direct sum of irreducible submodules. Let X be a generating set of L, and 
let V = @[= iv be a direct sum decomposition of V into irreducible submod- 
ules. Then, for each i, there must be an element of X which has nonzero 
component in Vi. Also, the components in S of the elements of X must 
generate S, and the components in C must span C. 
The generating sets that will be constructed will take advantage of the 
dimensions of the irreducible (C@S)-submodules of V. 
We will divide our study into two different cases. In the first case we 
consider solvable Lie algebras (that is, S = O), and conclude that, since 
where Vi = {u E V:[v, c] = h,(c)v Vc E C}, with Ai : C + F a linear mapping 
and hi # Aj + 0 if i # j, then 
nul(L)=max{dimC,I+dimVi:i=l,...,r}. 
In the second case we consider nonsolvable Lie algebras, so that 
L= &vi @(C@S) ( 1 (S#O), i=l 
where Vi is a direct sum of si abelian ideals, isomorphic as (CBS)-modules, 
each of dimension tri. In this case, if m = maxi2,dim C, t], with t = 
max([si/ni]:i=l,...,r}, then 
m<nul(L),<m+2 
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Finally, we will present some cases in which the last result may be 
improved. 
The reader is assumed to know the basic facts about representations of 
Lie algebras [4, 61. 
2. SOLVABLE CASE 
We begin with a preliminary lemma, whose proof is straightforward: 
LEMMA 2.1. Zf B is an ideal of the Lie algebra L, then nul(L) > 
nul(L/B). n 
If L is a solvable Lie algebra, then by [ll, Theorem 7.51, L decomposes 
as 
L = ( VI63 . . . CBV,) ec, 
where the V,‘s are abelian ideals of L, C is an abelian subalgebra of L, and 
there are different nonzero linear forms Ai : C + F such that [vi, C] = A,(c)o, 
for all ui E y and c E C, for i = 1,. . . , r. Actually, some linear form could be 
zero, but then the corresponding abelian ideal could be included in C. 
Let si be the dimension of Vi, and {u,?,. . .,v::) a basis of vi. We may 
suppose that s, > ss 2 . . * > s,. 
Because of Lemma 2.1, the nullity of L is greater than or equal to the 
nullity of L” = V,@C. But if we take an element c E C with A,(c) Z 0, then 
L”=(V,@Fc)@Z(L”), where Z(L”)={x~L”:[r,y]=0 Vy~L’)=kerA,. 
Hence the nullity of L is greater than or equal to the nullity of Vi@ Fc, and 
this is l+ si, since every subspace of V,@Fc is easily seen to be a 
subalgebra. In consequence, 
nul(L)>,max(dimC,I+dimV,:i=l,...,r}. 
Let m be this latter maximum. The set {x E C:A,(x># A&x)+ 0 for 
i z j} is dense in C, so a basis (x,,. . ., x,.} may be chosen in C with 
A&x,) # Aj(x,) + 0 for any i and j with i + j. 
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Let us write vf = 0 if either si < t < m - 1 or t = 0; rt = 0 if n < t < m. 
Then the set (xj + v~-’ + - * - + vi-’ : j = 1,. . . , m} generates the whole Lie 
algebra, and we get: 
THEOREM 2.2. lf L is solvable, then 
nul(L)=max{dimC,l+dimVi:i=l,...,r}. 
This result extends Theorem 6 in [lo], where the nullity of solvable and 
ad-splittable Lie algebras was calculated. The results in [ll] allows us to drop 
the restriction of being ad-splittable. 
3. NONSOLVABLE CASE 
We shall need three preliminary results: 
LEMMA 3.1. If L = Z(L)@& with S2 = S and Z(L) the center of L, and 
if ix,, . . . , xp} generates S, {z,,. . ., .z$ is a basis of Z(L), and m is the 
maximum of p and q, then the set (xl + .zl,. . . , x,,, + z,,,} (where xi = 0 if i > p 
and zj = 0 if j > q) generates L. 
Proof. Since S2 = S, we have that S is spanned by the “words” in 
Ix r,...,x,,} oflength >2. But 
{words in {xl,..., x,) of length > 2) 
={wordsin{x,+z,,...,x,+z,} oflength >2}. 
Hence S is contained in the subalgebra generated by {x r + zl,. . . , x, + z,J, 
whence the lemma. W 
LEMMA 3.2. Let A be a unital associative algebra, and V a completely 
reducible module fm A. Suppose V = V,@V, with no irreducible submodule of 
V, isomorphic to any one of V,. Zf v1 E V, and v2 E V,, then A(v, + v2) = 
Au, + Au,. 
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Proof. Let us suppose that A(u, + 0,) is a proper submodule of Au, + 
Au,, so that neither ui nor ua is contained in A(u, + u,). Let W be an 
irreducible submodule of Au, not contained in A(u, + u,). 
Now, let rr be the projection of V onto Vi. Since r,(A(u, + u,)) = Au,, 
the submodule T = rF’(W)n A(u, + u2) # 0, and, by the complete re- 
ducibility, there is an irreducible submodule W” of T with r,(W’) = W. But 
ra(W’) is either 0 or isomorphic to W, this last condition contradicting the 
hypothesis. So r&W’) = 0 and W” = W. It follows that W is contained in T, 
and this is contrary to our assumptions on W. n 
LEMMA 3.3. Let A be a unital associative algebra over the algebraically 
closed field F, and let W be an irreducible module for A. Let {w 1, . . . , w } be a 
linearly independent set of W. Then the submodule of W p = W x . Ir’( X W 
generated by (w~,...,w,) is the whole Wp. 
Proof. Because of the Jacobson density theorem, there is an element a 
in A such that aw,#O, aw,= .** =aw,=O. Hence (aw,,O,...,O) belongs 
to the submodule generated by (w i, . , wJ. The irreducibility of W forces 
wxox ... X 0 to be contained in this submodule, and the same for the 
other components. n 
Given a Lie algebra L, we are going to construct, with the help of the 
lemmas above, a set of generators which will allow us to get an upper bound 
on the nullity. 
Again by the results in [ll], we will study Lie algebras L that decompose 
as 
where: 
(1) C is an abelian subalgebra of L. 
(2) S is a nontrivial semisimple subalgebra of L. 
(3) For each i=l,...,r, Vj=Wii@ ... @Wj”i, with the Wj minimal 
abelian ideals of L and Wi’ E . . . E Wisk as (C@S)-modules. This means that 
S acts irreducibly on each W-;‘, and the action of C on each Wi is given by a 
linear mapping pj : C + F, that is [w, c] = pj(c)w for w E W;’ and c E C. 
Moreover, none of the modules Wj is a trivial module, since the trivial 
modules for C @ S may be included in C. 
For each i = 1,. . . , r we take a basis {a/(l), . . . , a$n,)} in each Wij, so that 
they correspond to each other through the isomorphisms Wj’ E * . * z W:i. 
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For each i we take the following elements: 
q( 1) = u;( 1) + 42) + . * * + a;( ni), 
q(2) = a;:+‘(l) + ayi+Z(2) + . . . + af”f( rQ)> 
Wi(~Si/ni])=uir~i/“~l(n:-l)+l(l)+ *. . +apJ”‘l”~(nJ, 
where u/(k)=0 if k>si. Now we write w,(j)=0 if j>[si/ni], and 
consider the elements: 
zr=q(1)+ *a* +w,(1), 
za = W,(2) + . . * + t+(2), 
Zt = q(t) + * . . + wr( t) 
Finally, a basis (c,, . . . , cp} of C is taken with pi(cl) + pj(cl) # 0 if pi # 
pj z 0, and a generating set of S with two elements {x, y) (see [7]). Then we 
consider the set 
T={x+c,,y+c,,z,+c, ,..., z,_,+c,}, 
where q is the maximum of p and t -2, and where zj = 0 if j > t, cj = 0 if 
j>P. 
The preceding lemmas imply that the subalgebra generated by T is the 
whole algebra L. Hence: 
THEOREM 3.4. r-ml(L) Q max{dim C,2 + t). 
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COROLLARY 3.5. Zf the dimension of C is > t + 2, then the minimum 
number of generators of L equuls the dimension of C. 
EXAMPLE 3.6. Let us consider the Lie algebra L as in (* ), with S the 
Lie algebra sl(2, F), C = 0, r = 2, W, the irreducible module for S of 
dimension 2, W, the irreducible module of dimension 5 for S, Vi = Wir @ Wis 
@Wis,andV,=W,‘@ 1.. @W,4,where Wi’~Ww,“~Wia~Wi andW;z ... 
=W,“zW,. Let (a,(l>,a,(2)) be a basis for W,, and {a,(k):k=l,...,5) a 
basis for W,. We consider the corresponding basis (a!(l), . . . , a{(ni)) in each 
W;‘. In this situation we take 
w,(l) = a:(l) + a?(2), 
w,(2) = a?( 1)) 
w2( 1) = a;( 1) + a:(2) + a:(3) + a;(4), 
and also 
z1= q( 1) + q( I>> 22 = w,(2). 
With all this we get the set of generators T = (h, e + f,zl,zJ, where 
(h,e,f} is the standard basis in sl(2,F) ([e,h]=2e, [f,h]=-2f, and 
[e, f ] = h). From here we deduce that the nullity of this algebra L is < 4. 
THEOREM 3.7. Let L be a Lie algebra as in (*). Then 
max(2,dimC,t}<nul(L)<max(dimC,2+t}. 
Proof. We may assume, without loss of generality, that t = 1 s1 /n,l. 
Then the nullity of L is greater than or equal to (Lemma 2.1) the nullity of 
Let us consider then the case of the Lie algebra L being decomposed as 
L=(W’@ ... @WS) @(Gas), 
with w’ , . . . , W” nontrivial isomorphic irreducible modules for Cd S. Let n 
be the dimension of the Wj’s and t = [ s/n 1. 
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If the set (U i,...,~,) generates L with minimum 9, then 
Ui = Xi + ci + w; + . . . w;, 
u,=x,+c,+w;+ .-VW;, 
uq = xq + cq + w; + . . . w; 
with xi E S, ci E C, and W/E Wj for any i and j. It is clear that the 
subalgebra generated by {u,, . , uq) is contained in the sum of: 
(1) the subalgebra S generated by (xi,. . . , x4}, 
(2) the subspace of C spanned by {c,,. . .,c,), and 
(3) the (C@S)-submodule of W’$ ... @W” generated by (w,,...,w,}, 
where wi = w! + w,? + ’ ’ * + wf. 
Hence the (C@S)-submodule of W’@ . * . @Ws generated by (wi,. . . , w$ is 
W’8 ... @W”. 
If p : C@ S + End,(Wj) is the corresponding representation, the irre- 
ducibility of Wj implies that the unital associative subalgebra A of End J Wj) 
generated by p(C@ S) is the whole End,(Wj) (F is algebraically closed). 
The algebra A acts on W’ @ . . . @W” componentwise, and the submod- 
ule generated by (w,, . . . , wq} is Aw i + . . . + Aw,, which has dimension 
< 9 dim A = qn2. Hence sn < qn2 and 9 > t. n 
REMARK. If m = max(2, dim C, t}, then max(dim C,2 + t} = m, m + 1, or 
m +2. 
4. FINAL REMARK 
The set of generators T that we have considered in the last section can be 
improved sometimes if we take the elements x and y in S conveniently and 
we add to these elements some others from Vi@ . . . V,. 
We can do this in the following way: Let H be a Cartan subalgebra of S, 
A its set of roots, @ the set of weights of H in Vi@ * * * @V,. For y E H*, 
we denote by Wl, the corresponding weight space in Wj, that is, W,f, = 
{v E Wj : [u, h] = y(h)u Vh E H). 
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Let E be a generating sequence of A (see [5]>. For each i = 1,. . . , r we 
consider 
dimW;i- c dimW(, if pi =O, 
ri = as8 
dim Wij if pi#O, 
and also 
ui=O if ri>si, ui = si - ri otherwise. 
For each i = 1,. . . , r we take a basis {a{(l), . . . , a$ri), c&r, + 
l),..., ai( of each Wj as in the last section, but with (U{(L), . . . , ai( 
being a basis of the subspace C, e z dim W;‘:, if Pi = 0. We define t’ = 
max{[u,/n,]:i=l,..., r} ( < t), and for each i we set 
~~(0) = a:(l) + af(2) + *I* + ai!( 
r&( 1) = a;‘+‘( 1) + 4+‘(e) + * . . + a;‘+-( rQ), 
42) = a;:+n:+l(l) + . . * + a;‘+“n’(ni), 
wi([ui/Q = al,+(lu,/n,l-l)n,+l(l) + . . . + a~‘+l~J+(.i), 
where a{(k)= 0 if j > si. 
Now, we set zui(k) = 0 if k > [ ui /ni 1 and consider the elements 
20 = w,(O) + . . . + w,(O), 
zl=wl(l)+ ... +w,(1), 
Zt’ = wl( t’) + . . . + w,( t’). 
Let us notice that in z0 we take either elements of VI@ . * . @V, that belong 
to weight spaces relative to weights that are not in the generating sequence 
of roots or elements in the Vi’s with pi # 0. 
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Finally, we take an element h E H such that c4h) Z P(h) f 0 for any 
pair ~,PE A u @ with cx # p # 0, we take a basis {cl ,..., c,) of C with 
pi(cI) # pj(cr)+ 0 if pi # pj + 0 and pi(cr)# a(h)- P(h) for any pair 
cy, p E A u Q with CY # /3 # 0, and we consider the element y = XaE g e, (e, 
is a nonzero element in the root space S, for each (Y E 8). 
THEOREM 4.1. The set 
T’={h+ c,,y+c,+GJ,c,+~, a...> c,+z,_,}, 
where q is the maximum of p and t’- 2, zj = 0 if j > t’, and cj = 0 if j > p, 
generates the Lie algebra L. 
Proof. Let us notice that the subalgebra generated by {h + c,, y1 + c2 + 
zO} contains the elements h + cl and y, which generate the subalgebra 
Fc,@S. This can be seen by applying ad(h + cl) a number of times to 
y + cs + .za and using an argument based on Vandermonde’s determinant. 
Now we argue as in the Section 4. n 
EXAMPLE 4.2 (Example 3.6 revisited). We consider the Lie algebra in 
Example 3.6. We may assume that 
and 
then we take 
[adl),hl =a,(l>, [al<2>,h] = -al(g), 
[a,(l),h] =4a,(l), [ap(3),h] =O, 
[42),h] =-h(2), [a,(d),h] =2a,(4), 
[a,(5),h] =-2a,(5); 
w,(O) = a:( 1) + a?(2), 
w,(l) = a?(l), 
w,(O) = ah(l) + a:(2) + a;(3), 
w,(l) = a:(l), 
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and, in consequence, 
zo = q(O) + q!(O), 2r=w1(1)+wp(l). 
Hence, T’= (h, e + f + .zo, zr} generates L, and we get that the nullity 
is < 3. Actually, it may be easily checked that in this case the nullity is 
exactly 3. 
REMARK. Theorem 4.1 allows us to improve our Theorem 3.7 slightly, 
since it implies that 
max(2,dimC,t}<nul(L)<max{dimC,2+t’}. 
Again if m = max(2,dim C, t}, then max{dim C,2 + t’) = m, m + 1, or m +2; 
but in many cases we get maxIdim C, 2 + t’} = m or m + 1 (for instance, if the 
sets of roots and weights are disjoint). 
The authors are indebted to the referee for his or her helpful comments 
that have improved the exposition. 
REFERENCES 
1 J. Bond, The Structure of Lie Algebras with Large Minimal Generating Sets, 
Ph.D. Thesis, Univ. Notre Dame, 1964. 
2 J. Bond, Weak minimal generating set reduction theorems for associative and Lie 
algebras, Zllinois J. Math. 10:579-591 (1966). 
3 J. Bond, Lie algebras of genus one and genus two, Pacific J. Math. 37:591-616 
(19711. 
4 J. E. Humphreys, Introduction to Lie Algebras and Representation Theory, 
Springer-Verlag, New York, 1972. 
5 T. Ionescu, On the generators of semisimple Lie algebras, Linear algebra Apple. 
15:271-292 (1976). 
6 N. Jacobson, Lie Algebras, Interscience, New York, 1962. 
7 M. Kuranishi, On everywhere dense imbedding of free groups in Lie groups, 
Nagoya Math. J. 2:63-71 (1951). 
8 E. I. Marshall, The genus of a perfect Lie algebra, J. London Math. SOC. 
40~276-282 (1965). 
9 E. M. Patterson, Generators of linear algebras, Proc. London Math. Sot. (3) 
7:467-480 (1957). 
10 T. Sat6, On generators of Lie algebras, Hiroshima Math. J. 4:29-51 (1974). 
11 D. A. Towers, A Frattini theory for algebras, Proc. London Math. Sot. (3) 
27:440-462 (1973). 
Received 8 May 1989; jhal mmwcript accepted 21 Febnrary 1991 
